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Trajectory Analysis of Deep-Bed Filtration
with the Sphere-in-cell Porous Media

Model

This paper presents a model for the initial particle deposition in a deep-
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and

bed filter with a sphere-in-cell porous media model used. The analysis in-

cludes all the relevant mechanisms, and the results indicate that deposition
occurs under favorable surface interactions. A semiempirical expression re-
lating collection efficiency and operating parameters is presented.
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Department of Chemical Engineering and
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Syracuse University
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SCOPE

The results reported in this study represent the continu-
ing efforts of a long-range investigation whose objective is
the development of a comprehensive theory of liquid filtra-
tion through granular beds. Such a theory of deep-bed
filtration requires the selection of a mathematical and geo-
metric model to characterize the bed for its hydrodynamic
behavior and for its role as the collector of the particles in
the suspension. The model chosen is then used to predict
the dynamic behavior of the filtration process, that is. to
predict the history of efluent quality and the correspond-
ing change in the pressure drop across the filter. In this
paper we employ the conceptually simple sphere-in-cell
porous media model (Happel, 1958) to study the initial

filtration efficiency with the help of the particle trajectory
concept used in connection with other porous media
models elsewhere (see Payatakes et al., 1974a, b, and o).
The major objective of this work is to examine the use of
this model for predicting initial collection rates in filters
when the various filtration mechanisms such as sedimenta-
tion, interception, diffusion, and surface interactions act
individually or collectively. Another important goal is to
develop a semiempirical expression [Equation (27)] for
the initial collection efficiency as a function of the per-
tinent process parameters. This is particularly desirable
since such an expression would help avoid expensive com-
puter work for future applications of this model.

CONCLUSIONS AND SIGNIFICANCE

The initial collection efficiency for filtration through
granular beds is predicted within experimental error under
a wide variety of conditions by the trajectory calculations
made in this work with a sphere-in-cell porous media
model, It is evident that an attractive surface force

AIChE Journal (Vol. 22, No. 3)

in the vicinity of the grains is required to permit filtration.
Under such a condition, the collection rate depends on
essentially four process parameters which characterize the
ratio of the particle size to the grain size, the magnitude
of the gravitational collection, the extent of the attractive
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surface force, and the magnitude of Brownian diffusion.
In order to avoid extensive and time-consuming computer
usage for future use of this model, we have presented a
semiempirical relation for the initial collection efficiency
[Equation (27)] as a function of the above-mentioned

parameters. Comparison of the results of this work with
those of the constricted cell model proposed by Payatakes
et al. (1973a and b; 1974b and c) indicates that it mav be
advantageous to combine this work and the constricted
cell model for modeling the dynamics of deep-bed filtra-
tion.

Traditionally, theoretical investigations of deep-bed fil-
tration have been limited mainly to the macroscopic study
of the problem, which involves the solution of the conser-
vation equation and the use of gross parameters to charac-
terize the bed behavior (for example, see Ives, 1971). The
introduction of the particle trajectory concept by Yao
(1968), then used primarily in aerosol filtration, for the
study of particle deposition in water filtration has opened
up a new phase in the theoretical studies. Nevertheless,
the trajectory analysis alone cannot provide the complete
answer to the problem, since a theoretical analysis of
deep-bed filtration consists of at least two important steps:

1. The selection of an appropriate porous media model
to characterize the filter bed for its fluid mechanical be-
havior and its role as an assembly of particle collectors.

2. The choice of a suitable theoretical technique to esti-
mate the rate of particle retention and the change of the
structure of the filter media due to particle deposition.
From the knowledge of the structural change, one can, in
principle, predict the increase in resistance to flow due to
particle retention.

The first requirement of the second step is served by
the particle trajectory concept. For the first step, a number
of choices are available. Porous media models including a
simple capillaric model, spherical collector models, and a
rather complicated constricted tube model have all been
used as a basis of study. Generaly speaking, the study of
particle deposition (or filtration rate) is comparatively
simple as compared to the estimation of the pressure drop
increase, and the search for a satisfactory porous media
model for the study of the complete dynamic behavior of
deep-bed filters has not been entirely successful up to the
present time. Among the various models tested so far, the
constricted tube model is of potential significance since its
structure is more amenable to reflect the consequences
brought about by particle deposition. Furthermore, tra-
jectory calculations based on this model (Payatakes et al.,
1974b and ¢) were found to give reasonably good agree-
ments with experimental data. The difficulty with the use
of the constricted tube model is the excessive computation
required, since one has to solve both the pertinent flow
equation and the trajectory equation numerically, whereas
the other models require numerical approach only for the
trajectory equation.

As a possible way to circumvent this difficulty, it is con-
ceivable that one may employ a simpler model for the
study of particle deposition and the constricted tube model
for the study of change of resistance (that is, pressure
drop increase). The premise of this approach, of course,
rests on the assumption that the model adopted for pre-
dicting particle deposition will give the same degree of
accuracy as obtained with the constricted tube model. In
the past, the authors have examined the capillaric, Brink-
man, and single-sphere models (Payatakes et al., 1974a;
Rajagopalan, 1974). More recently, investigations using
the sphere-in-cell (Happel's) model have been made, the
results of which are reported in this paper. It should be
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noted that trajectory calculations purportedly based on
Happel's model have been reported in the literature (Fitz-
Patrick, 1972; Spielman and FitzPatrick, 1973). However,
the numerical results of these studies were obtained with
approximations both in the trajectory equation and the
flow field. Furthermore, the numerical integration of the
trajectory equation was often carried out beyond the do-
main of definition of the model. A more detailed discus-
sion of the differences between the present work and these
earlier studies is given in later sections.

The present work is concerned with the deposition of
particles in a deep-bed filter. The filter bed is represented
by the Happel's sphere-in-cell model, and the deposition
is determined from the integration of the trajectory equa-
tion which takes into account all the major forces with the
exception of that due to Brownian motion. The influence
of Brownian motion is separately computed by using Cook-
son’s (1970) work. Based on the numerical results, simple
empirical expressions relating the initial collection effi-
ciency with the various relevant process parameters have
been developed. The availability of these empirical ex-
pressions makes it possible to apply the resulis of the tra-
jectory calculations without extensive numerical calcula-
tions.

THE TRAJECTORY CONCEPT

When a liquid suspension flows through a filter bed, the
particulate matters deposit onto the surfaces of the grains
of the filter medium. Such deposition is caused by various
mechanisms, the four most important among them being
diffusion, interception, gravitational collection, and col-
lection due to surface forces. Of these, diffusion dominates
only for the submicron particles; thus, for the larger par-
ticles one can, at least theoretically, follow the particle
trajectories to compute what fraction of the particulate
matter is collected by the grains. This, however, requires
an appropriate description of the filter bed in terms of an
assembly of collectors and of the flow field around (or
through) these collectors. The trajectories themselves are
obtained by integrating the trajectory equation, which in
turn is obtained by writing a force balance on the sus-
pended particle. If the trajectory of a particle intercepts
the collector, then that particle is assumed to be captured.

However, it is not necessary to follow each particle to
determine if it is collected or not. In actual computation,
the degree of particle collection is expressed in terms of
the collection efficiency 7, which is determined through the
location of the so-called limiting or critical trajectory. The
limiting trajectory is defined to be the trajectory that sepa-
rates the trajectories that intercept the collector from those
that do not* (see Figure 1). This definition simplifies the
computation of the amount of particles collected, and the
initial collection efficiency % is then given by the ratio of
amount of particles collected to that approaching the col-
lector.

® If the particle inertia is not considered in the force balance, the
trajectories do not intercept each other.
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HAPPEL’S SPHERE-IN-CELL POROUS MEDIA MODEL

In Happel’s original formulation, which was concerned
primarily with the estimation of the pressure drop across
a packed bed, the granular bed (such as a filter) is as-
sumed to be comprised of spherical collectors, each of
which is encircled by a spherical liquid envelope that is
taken to be frictionless along its outer surface (Happel,
1958). The diameter of the envelope is so chosen that the
porosity of the combined entity (namely, the spherical
grain and the liquid envelope) is equal to the macroscopic
porosity of the granular bed. The velocity external to the
spherical collector is obtained under the condition that
the fluid is stationary as the solid sphere moves upward
with a velocity U. The equation of motion for the creeping
flow is solved with the following boundary conditions:
the radial velocity at the outer surface of the liquid shell
is zero, the tangential stress at the outer surface is zero,
and the no-slip condition holds at the solid-liquid bound-
ary.
Under these conditions, the stream function for the
region a; = r = b is given by

¢ = (U/2)sin? 9 a2[ (Ky/r*) A
+ Kor* + Kar*2 + Kgr®4]
where
* =r/a
K1 =1/w
K, = (3 + 2p%)/w (1)
Kz = p(3 + 2p)/w
Ky = — pi/w
w=2— 3p + 3p° — 2pt
and
p={(1l—e3=a/b

In Equation (1), e is the porosity of the bed, a is the
radius of the spherical collector, and b is the outer radius
of the spherical liquid envelope. The coordinate system is
shown in Figure 1.

The solution given in Equation (1) is transformed to
the case corresponding to the situation in a filter bed
(where the grains are stationary and the liquid is moving
down) by superimposing a uniform flow field given by

= 1/2 Ur? sin? 4. Notice that this is equivalent to im-
posing a uniform flow field with a downward velocity U.
The resulting stream function for g, = r = b is

¢ = (U/2) a2sin? 8 [ (Ki/r*) + Kar® + Ky'r®2 + Kg*4]
(2)

where
Ky = (2 4+ 3p®)/w

Equation (2) is valid only over the spherical envelope
(that is, a; = r = b), and it is convenient to view the
sphere-in-cell model as a mapping of the entire filter bed
inside a sphere of radius b. The total volumetric flow into
and out of this configuration is given by #b?U.

PROBLEM STATEMENT AND DESCRIPTION OF THE
METHOD OF SOLUTION

The trajectory equation that forms the basis of the
present paper is simply a consequence of the dynamic
equilibrium of the suspended particle under the action of
various forces. The forces considered in the present analy-
sis are due to gravity, buoyancy of the particle, fluid mo-
tion (convection), and the surface interactions (London
attraction and double-layer repulsion or attraction). The
notable exclusion in the force balance is the force due to
molecular bombardment of the liquid molecules on the
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Fig. 1. Happel’s sphere-in-cell porous media model.

particle. Such molecular bombardments result in the so-
called Brownian diffusion and are negligible for suspended
particles of diameter greater than about 1 um.

The formulation of the trajectory equation is based on
the assumption that the particle concentration is suffi-
ciently low so that the motion of any given particle does
not interfere with those of the others. We further assume
that the motion is axisymmetric. (This is a consequence
of the axisymmetry of the flow field of the liquid.)

Under the condition of dynamic equilibrium of the sus-
pended particle, one has

fG+fLo+fDL+fD+fI:0
and (3)
tG+tLo+tDL+tD+tI=0

where f and t are the forces and torques acting on the
particles, and the superscripts G, Lo, DL, D, and I stand
for gravity, London attraction, double-layer interaction,
drag; and inertia, respectively., Such a force balance has
already been presented by Payatakes et al. (1974a) in
connection with the capillaric and Brinkman models.
Hence, we present here only the final equations. However,
for the sake of convenience and easy reference, the vari-
ous force components considered in the formulation of the
trajectory equations are presented in Table 1.

The velocity of the liquid around the collector is ob-
tained from Equation (2) and is given by

_ 1 N ( 1 o
V= (rsinﬂ rdf € —)eg (4)

However, the drag correction factors that appear in Table
1 require that the fuid velocity be specified in the follow-
ing form:

rsinf or

v= — Aye, + (By + Dy?)eq (5)

For this reason, the coeflicients A, B, and D have been
obtained for trajectory calculations by approximating
Equation (4) in the required form over segments of the
Happel shell (see, for instance, Rajagopalan, 1974).

The force and torque balance described above provide
the following expressions for the r and ¢ directed particle
velocities:
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TasLE 1. Forces AND TORQUES ACTING ON THE
SUSPENDED PARTICLES

I. Inertial force and torque

Du
fl = m—
Dt
where
5= (e v)
—=\|{—4u-Vv
Dt ot

=0
II. Gravitational force and torque
f6 = (4/3)war® (pp — 0s)8
= (4/3)wap® (pp — ps)g [— cos 6 e, + sin @ eg]
tc =0
g=lgl
III. Surface force and torque

a) Molecular dispersion force and torque
(London force and torque)

flo = [— 2Ha(d; ap, ke) ap3/362(2ap + d)2]e,
where a(d; ap, he) is the retardation correction factor
tle = 0
Double-layer interaction force and torque®
OL = {[vapx(¢e? + 1p2)/2] X [(28etp/ (32 + &)
— e x8] [e=x8/(1 — ¢—2:6)]} e,
tPL == ¢
1V. Drag forces and torquest**
(a) Due to the translation of the particles
(fP)t = — Bauapluft(d% )er + ugfeb(8+ )ee]
(tP)t = Bmuap® ug go* (8 ey
(Brenner, 1961; Goren and O’Neill, 1971; O’Neill, 1964)
b) Due to the rotation of the particle
()7 = Bryaz? wf” (5+ )eq

(tD)r — — 8””%3 wg¢r(5+ )edl
where
@ = ||

(Goldman, Cox, and Brenner, 1967a)

c¢) Due to the fluid velocity in the presence of the sta-
tionary particle:

(0)m = Gruap{— A 42, (87 e,
+ [Byfmie(d+) + D y2fmae(8t )] eq}
(tP)m = 8ruap® [B g™16(81) + D ygmae(d+)]ey

(Goren and O’Neill, 1971; Goldman, Cox, and Bren-
ner, 1967b)

# The potentials {c and {p in the expression for fPL are actually the
so-called surface potentials (see, for instance, Hogg, Healy, and Fuer-
stenau (1966)), But it is a common practice to equate them to the
corresponding zeta potentials. In computing the force due to the double-
layer interaction, the unit of the zeta potentials should be in electro-
static units.

t See Rajagopalan (1974) for the tabulation of all correction factors.

#2 The references following the entries may be consulted for further
details,

b ld 1 . \2em
u = = T {—A*(1+8*)2fm — Ngcosd
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+ Ngi[Npp — e7¥2i0*] X [e7No18*/ (1 — ¢~ 2Np1é") ]
— [Npoa(8%; Nrea)/(372)(2 + 8%)%1}  (6).

r db 1
u* =—— =— {Btss + D* (1 + 8*)s3 + Ngsin 9}
U dt 81

(7)

In the above equations, Ng, Ng1, Ng2, Npr, N1o, and Nzt
are dimensionless numbers that characterize the various
forces acting on the particle. The wall-effect correction
factors introduced by the presence of the collector wall
(see Table 1) also appear in the above equations in cer-
tain combinations (namely, sy, sq, s3). The trajectory equa-
tion for the suspended particle is obtained by eliminating
the time differential from Equations (6) and (7):

il —( ! +1+s+)
dé ~ \ Nz

right-hand side of Equation (6)
right-hand side of Equation (7)

(8)

where the parameter N is given by (ap/as).

Equation (8) is a first-order differential equation and
does not have a closed-form solution. However, the nu-
merical technique required is rather straightforward. In
this work, Equation (8) has been solved by using the
fourth-order Runge-Kutta method.

The solution of Equation (8) requires an initial condi-
tion, namely, starting position of the particle whose tra-
jectory is desired. Since we are interested in only those
particles that are captured, it is convenient to start from
the surface of the collector. For example, use of a condi-

tion such as
1
ot = (m + 1,60, ) (9)

in the integration scheme would result in the trajectory of
a particle that eventually intercepts the collector at the
position r,*. Notice that Equation (9) has incorporated
collection due to interception by accounting for the finite
size of the particle [that is, r,* 7 as/ap, but rather (as +
a,)/a,]. However, since we are interested in the limiting
trajectory, the initial condition of interest would be

1
rt = ('ﬁ—'i' 1,77) (10)
R

The termination point of integration in the case of the
sphere-in-cell mode] is simply
rt =b/a, (11)
where b is the outer radius of the spherical shell sur-
rounding the collector.
The solution of Equations (8) and (10) is thus used to

obtain the starting position of the limiting trajectory at
the Happel shell. Denoting this by

rst = (b/ay,.6)

we note that the volumetric flow of suspension through
the circular cross section enclosed by the limiting trajec-
tory is given by

(volume/unit time) = «(b? sin? §;) U (13)
Since the total volumetric flow rate through the shell is
given by #b2U, the initial collection efficiency 7 is given by

n = (#b2U sin2 85 C,) / (#b?U C,) = sin2d;  (14)

(12)*

@ Notice that the purpose of the integration is the determination of 0.
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where C, is the number of particles per unit volume of
the suspension at the entrance to the shell. In the past,
the collection efficiency has been expressed as a multiple
of the efficiency due to interception alone (denoted by
m1), which can be obtained from the expression for the
stream function [that is, Equation (2)] as

Lt Ll ORI

+ﬂb2U}~1.5NR2 (%’;)2 [ﬂgﬂ) | as)

2
= 158w (2 ) 4 (16)°

In the case of filter beds, ¢ ~ 0.39, and hence
(as/b)2~ 1/14 (17)

Equations (14) and (15) imply that 5 and =; are always
less than (or, at most, equal to) 1. As pointed out earlier,
the trajectory equation for the particle has been formulated
by excluding the Brownian movement of the particles.
Consideration of the random molecular fluctuations that
cause this motion would make the resulting equation sto-
chastic in nature. Although, technically, the solution would
still be known as the trajectory of the particle, such a solu-
tion is not deterministic but is characterized by probability
distributions. The appropriate setting for this analysis
would then be the theory of diffusion processes as shown
by Rajagopalan (1974). For our purpose here, it is ex-
pedient and sufficient to treat the Brownian motion sepa-
rately. That such an analysis is adequate enough for the
consideration of diffusion in filter beds has been shown by
Yao (1968) and more recently by Prieve and Ruckenstein
(1974).

Cookson (1970) used the sphere-in-cell model for cal-
culating the rate of diffusional mass transfer in packed
beds. It follows from his analysis that the efficiency of
collection due to diffusion alone is given by

9(1 — p5) T3
noite == 4 [_(____u_] Npo~2/3 = 4A,M3 Np,—2/3
w
(18)
where Np, is the Peclet number defined by

d.U

Npe = : (19)
BM

Dgy in Equation (19) is the diffusion coefficient of the
suspended particle given by

Dy = kT/6mpa, (20)

where k is the Boltzmann constant, T is the absolute tem-
perature of the suspension, and u is the viscosity of the

suspension.
In interpreting filtration data, the collection results often
are presented in terms of the so-called filter coefficient A

defined by
3(1—¢)

2d3

However, since 7 is often very low, the following equation
for \ is a good approximation for Equation (21):

3(1—¢)
A~ —
od, |

A= In (1—9) (21)

(22)

¢ This expression is obtained by excluding all the other mechanisms
and the wall effect on the drag force.
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NUMERICAL RESULTS

By using the analysis outlined in the previous section,
computer runs were made to solve the trajectory Equa-
tion (8) for typical parameters (Ng, Ng, and Ni,) en-
countered in deep-bed filtration. The results are shown in
Figures 2 to 5.

The theoretical calculations can be grouped under two
major headings: collection under favorable surface con-
ditions (that is, attractive surface forces), and collection
under unfavorable surface conditions (that is, repulsive
surface interaction in the vicinity of the collector). Raja-
gopalan (1974) and Payatakes et al. (1974b and ¢)
have already shown that the theory predicts negligible
or no collection when a repulsion barrier exists in the
neighborhood of the collector surface. Thus, it is sufficient
to consider the first of the above two cases. Figure 2 pre-
sents the calculated values of 7 as a function of Ng and
Ng at constant Ny, (= 1.45 X 1073). In deep-bed filtra-
tion, N¢ varies from exceedingly small values up to ~1073,
and Ny varies from about 10—4 to 10—!, The broken lines
in Figure 2 correspond to the omission of the viscous in-
teraction introduced by the collector wall. For N¢ = 0,
m is a linear function of Ng2. This follows from the fact
that the collection is entirely due to interception, which is
given by Equation (16), and hence the second-power de-
pendence on Ng. For Ng > 0, % increases monotonically
with Ng. For low values of Ng, the lines tend to an asymp-
totically constant value due to the fact that interception is
no longer important, and the only other mechanism, sedi-
mentation, dominates. In fact, the asymptotic values are
approximately N¢(as/b)?, thereby indicating that the effi-
ciency due to gravity alone is approximately

ro~Ne () (29)

Nio =CONSTANT = 1. 45x 10-3

DRAG CORRECTIONS INCLUDED

-------- DRAG CORRECTIONS EXCLUDER

107

102

i s od

1073

Collection Efficiency

104

10°4 1073 10-2 10!
Nr

Fig. 2. Theoretical initial collection efficiency as a function of Ngr
and Ng (NL, = constant).
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Indeed, it turns out that when wall corrections are
ignored, the initial collection efficiency 7 is simply

(24)

that is, the broken lines of Figure 2 are given by Equation
(24). This means that interception and gravity act almost
independently. This result is rather interesting, since simi-
lar results have been shown to hold for the case of the
single collector model by Rajagopalan (1974) and for the
case of the Brinkman model by Rajagopalan and Tien
(unpublished).

Inclusion of drag corrections in the trajectory analysis
(to account for deviation from Stokes’ law for drag force
on the particle due to the presence of the collector sur-
face) would decrease the rate of collection. This is due to
the fact that the increased viscous resistance in the neigh-
borhood of the collector surface hinders the particle from
moving closer to the collector. The solid lines in Figure 2
indeed show that this is the case. For instance, at Ng = 0

7 =~n¢+ n
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the efficiency is still linear with respect to Nz but lower
than the previous case. It should be noted, however, that
the collection would have been zero in this caie were the
London attraction not included. In the absence of this at-
tractive force, the particle would have been unable to make
contact with the collector because of the lack of any aid
to overcome the viscous barrier,

For N¢ > 0, three regions can be recognized. For very
low Nr (2 107%), sedimentation dominates so heavily
that viscous interaction hardly diminishes collection. The
efficiency in this case tends to a constant value [equal to
nc of Equation (23)]. For very large values of Ng (Ng ~
10—1), interception starts dominating (aided by London
attraction), and the influence of gravity decreases. Be-
tween these two extremes, the collection efficiency displays
a minimum. The physical significance of this behavior is
rather straightforward but nevertheless is of considerable
importance. It is simply a consequence of the fact that as
the ratio of the particle size to the collector size increases,
the significance of the viscous resistance is shadowed by
the increase in collection due to interception caused by
the presence of the neighboring grains. [In fact, for Ng
~ 1071, interception is so significant that even increases
in N¢ (sedimentation) at constant Ny introduce imper-
ceptible changes in the collection efficiency.] Indeed,
Rajagopalan (1974) has shown that such a behavior is
absent in the case of the single collector models, where ¢
shows a monotonic decrease as Ny increases, since the
single collector models by their very nature exclude the
presence of neighboring grains. Consequently, we believe
that the behavior shown in Figure 2 is a desirable (and
probably essential) feature of any model for the deep-bed
filter, for it may explain the increase in the filter coeffi-
cient during the initial period of filtration reported by many
investigators (see, for instance, Weber, 1972). In this
connection, it is instructive to examine the predictions of
the constricted cell model proposed by Payatakes et al.
(1974c), since their model is also designed to include the
effects of the other grains in the bed. A reexamination
indeed reveals that the minimum in % vs. Ng reported by
Payatakes et al. (1974c¢) is caused by the increase in inter-
ception for high values of Ng. [Payatakes et al. (1974c)
and Payatakes (1973) claim that the minimum observed
is a consequence of the changes in “the relative magnitude
of the forces for various particle diameter values with
the other dimensionless parameters adjusted so that the
rest of the dimensionless groups remain constant.” This
explanation, however, is inaccurate since, firstly, inter-
ception is not a force, and, secondly, the restriction of the
other parameters to constant values implies that in effect
all the forces are held constant. In fact, that is the basis
of any case study involving dimensionless groups. Further-
more, there is no need to change the particle size to vary
Ny. Instead, one can change the collector diameter with-
out affecting any other dimensionless group, that is, leav-
ing all forces unaffected.]

Figures 3, 4, and 5 show the influence of the London
group Ny, on 7 at constant N and Ng. For Ng¢ = 0 (Fig-
ure 3), In (n/7n;) is almost a linear function of In Np, at
constant Ng. As shown in Figures 4 and 5, this seems to be
true in the case of high values of N¢ also, except that in
this case at low values of Ng, (9/n;) is practically constant
(Figure 5). In fact, even for large Ng, the rate of in-
crease of (n/n;) with respect to Np, {Figure 4) is almost
the same as it is for the same values of Ng at Ng = 0
(Figure 3). This suggests that at constant Ng, the de-
pendence of (n/%1) on Ny, at nonzero Ng may be approxi-
mately the same as its dependence on Ny, at N¢ = 0.
Also, the approximate linearity of In (n/m1) vs. In Nio
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TaBLE 2. L1st OF DIFFERENCES BETWEEN THE PRESENT WORK AND THAT OF SPIELMAN AND FITZPATRICK

Spielman and Fitzpatrick model

Forces excluded

Retardation of London attraction and gravity

Present work

None

and buoyancy in ¢ direction

Form of radial fluid velocity
Form of angular fluid velocity

de

Form of angular particle velocity as =

Trajectory equation

Point of termination of the trajectory 100 a,, or greater

Corresponds to (in some cases) 12 as or

—Ay?; A is not a function of r

Dy?; D is not a function of r

Function of Nag,s and Ngr s
Not an explicit function of Ng

—Ay?, A dependson r

By + Dy B and D are dependent
onr

do
1 e
dt

Function of Ng, Nr, Nro, Nrtd,
NEgi, Ngg, and Npg,

The outer radius of the Happel cell
Never exceeds the Happel shell

about 60 times shell thickness

indicates that (/%) can be expressed as a power of Ni,.

In short, we are interested in an approximate, yet suffi-
ciently accurate, expression for (%/71), since this would
make extensive computer calculations unnecessary for
further use of this model. To obtain such an approximate
expression, figures similar to Figures 3, 4, and 5 were
constructed by keeping two of the dimensionless groups
constant and varying the third. The resulting expression is
given by

2
7=~ ['é‘NLol/s NR—I/B 4 2.25 x 10~3 NG1.2 NR—2.4] ;

Nr < —1~0.18* (25)

as

The first expression on the right-hand side of Equation
(25) is for N¢ = 0, and both the first and the second
terms together represent the case Ng > 0. Notice that 5
cannot be expressed in terms of just one expression in-
volving powers of Ng, Ng, and Ny, since that would mean
that » = 0 for Ng = 0, thereby ignoring the effect of in-
terception and London attraction at Ng = 0.

Also, notice that Equation (25) predicts nonzero values
for » when Ng and Ng % 0 but N, = 0. As mentioned
earlier, exclusion of London attraction would imply that
n = O if viscous corrections are to be included in the tra-
jectory calculations. This discrepancy in Equation (25)
is the result of the assumption that the dependence of 4 on
Ny, for nonzero Ng is entirely due to its dependence on
N, for N¢ = 0. This assumption has been made to sim-
plify the determination of Equation (25). However, this
assumption is by no means a restriction, since in practice
Ny, can never be zero.

If v; from Equation (16) and (a,/b)? from Equation
(17) are substituted into Equation (25), one obtains

7~ 0.72 A; Npo1/8 Ng!5/8 2.4 X 1073 A; N2 N~ 04,
Nz < 0.18 (26)

The contribution of diffusion may also be added to Equa-
tion (26), thus giving for the total collection efficiency

n = 0.72 Ay Npo1/8 Ng15/8 4 2.4 x 108 A, Nol'2 Np—04

# Notice, however, that the expressions used in the trajectory equation
for the surface interactions and the wall corrections will be, at the most,
approximate for N = 0.18. This is due to the fact that these expres-
sions are derived under the assumption that the particle and the collector
can be treated as a sphere and a plane, respectively, when the distance
of separation between them is small. This restriction also applies to the
constricted cell model of Payatakes et al. (1973¢ and b) and to the
other models mentioned in the text.
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+ 4 A3 Np,~2/3; NS 018 (27)

Equation (27) thus gives an approximate closed-form
solution for the initial collection efficiency in deep-bed
filters by using Happel's model.

COMPARISON WITH OTHER THEORETICAL
INVESTIGATIONS

As mentioned earlier, FitzPatrick (1972) and Spielman
and FitzPatrick (1973) have presented trajectory calcula-
tions for particle deposition in deep-bed filters based on
Happel's model. There are, however, significant differences
between the present work and the earlier study, as shown
in Table 2. These differences arise mainly from the ap-
proximations made in the flow field and in the trajectory
equation used in FitzPatrick (1972). The major differences
in FitzPatrick (1972) are:

1. Use of a second-order approximation for the stream
function throughout the entire calculation.

2. Extension of the region of integration considerably
beyond the domain of the Happel cell.

3. Use of an approximate expression for the radial ve-
locity of the particle (that is, a; d8/dt instead of rd9/dt).*

The second-order approximation for the stream function
is given by

\l::-f-:—As U(r — as)2sin2 ¢ (28)

A comparison of the velocity components derived from
the above expression with those based on Happel's model
is shown in Figure 6. Notice that the velocity components

are not defined for r 2 1.178 g, in the case of Happels
model. This value of r corresponds to the outer boundary
of the Happel cell. Also notice that the velocities based
on Equation (28) are vastly different from Happel’s solu-
tion even within the liquid shell. When these are extended
beyond the cell boundary, the values diverge and are
around 10° times the approach velocity at a distance of
about 30 times the shell thickness!

In FitzPatrick’s calculations the termination point of the
trajectory equation has been specified to be 100 a, or
greater (see Appendix B of FitzPatrick, 1972), and thus
consideration of the region beyond the Happel shell is
unavoidable in many cases. A case in point is the set of
calculations corresponding to the first thirteen runs of
FitzPatrick (1972). For this set, ds = 180 pm and dp, =

© If the integration is terminated very close to the collector surface,
this approximation is accurate enough. However, because of difference
No. 2 above, the approximate radial velocity introduces considerable
deviation.
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Fig. 6a. Comparison of Fitzpatrick’s (1972) velocity field with that
of Happel’s model within the liquid shell.
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Fig. 7. Comparison of the theoretical predictions of this work with
those of Fitzpatrick (1972).

21 wm, whereas the Happel shell is only about 18 um
thick. On the other hand, the termination point of the
trajectory is about 100 a,, which is equal to 1050 um
(=~ 6d, or 60 times the shell thickness). Figure 6 clearly
indicates the large deviation between the velocity profiles
used by FitzPatrick and those corresponding to Happel's
model when the point of termination is so far away.” Con-
sequently, the results represented by their calculations are
entirely different from those based on Happel's model.
The other approximations made by these investigators
result in the elimination of one process parameter from
the final correlation for %. Spielman and FitzPatrick pre-

® The velocity profiles based on Equation (5), which are used in this
work, coincide with those based on Equation (4) (see Figure 6).
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Fig. 6b. Fitzpatrick’s velocity field outside the liquid shell as a func-
tion of shell thickness.

sent (9/7;) as a function of Naas and Ng,s Although
Nag,s and Ng,s are obtained as combinations of N¢, Nio,
and Npg, their final results do not represent the effect of
Ng on n completely. As an example, Figure 7 presents
{n/7m1) vs. Nag, for various values of Ny (with Ng¢ = 0;
that is, Ng,s = 0). The results of FitzPatrick do not show
dependence on Ny at constant Nag,s, whereas the present
work does show that (n/7;) varies by a factor of about
4 as Ny is varied and Ngg, is held constant. (The range
of Nr shown in Figure 7 corresponds to the upper and
lower limits of Ng used in FitzPatrick’s experiments.) The
variation diminishes for high values of Naa,. However,
such high values of Naq,s correspond to low values of dp,
and hence the contribution due to Brownian motion in-
creases significantly. Therefore, the trajectory calculations
have greater significance only for low values of Nag,s.

A comparison between the results of the present study
and those based on the model of Payatakes et al. (1973a
and b) is shown in Table 3. The results shown are for the
experimental data presented by Ison and Ives [1969). The
agreement between the theoretical calculations and the
experimental data will be discussed in the following sec-
tion. In the present section, we examine the corespondence
between Happel's model and the constricted tube model.
It is clear from Table 3 that in most cases the predictions
of Happel's model are in close agreement with those of
the constricted tube model. This is very much desirable
since it is convenient to combine Happel's maodel and the
constricted tube model in theoretical analyses of deep-bed
filtration. As mentioned earlier, the Happel model is con-
venient for predicting collection rates (because of the
availability of closed-form solution for the flow field),
whereas the constricted tube model is more attractive for
studying pressure drops (because of its geometric similar-
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TaBLE 3. COMPARISON OF THE PRESENT WORK WITH THE EXPERIMENTAL DATA OF IsoN AND Ives (1969)

L X 102, ecm—1
dp = 2.75 pm dp = 4.5 um dp = 9.0 um
Exptl Payatakes This Exptl Payatakes This Exptll Payatakes This
Run No. data (1973) work* data (1973) work™ data (1973) work*®
I 6.0 2.4 2.4 7.6 3.2 34 838 7.1 9.6
I 81 3.1 2.6 11.0 4.6 3.9 14 10.5 104
I 11.0 4.1 2.7 15.0 6.2 4.1 16.5 14.2 104
v 3.1 1.8 2.2 4.6 2.5 3.7 6.4 5.0 9.2
\% 3.1 1.2 1.8 44 1.7 3.3 5.6 37 9.1
\Z! 4.5 2.1 1.5 5.8 3.3 2.2 6.3 77 6.0
VII 3.9 1.9 11 4.4 3.1 1.5 4.6 8.2 3.5
VIII 2.7 1.7 0.7 3.9 3.1 1 5.3 8.2 2.3

% The corresponding values based on Spielman and Fitzpatrick (1973) are given in Payatakes et al. (1974c) and are markedly higher, especially
for large dp (for example, for dp = 9um, they are about four to ten times higher than those based on the rigorous application of the sphere-in-cell

model).

ity with the pore structure of the bed). Table 3 shows that
such a combination is indeed reasonable.

COMPARISON WITH EXPERIMENTAL DATA

Equation (27) covers the range of powers of d;, ds, U,
p, etc., commonly observed in deep-bed filtration data.
However, it is instructive to compare its predictions with
some of the typical filtration data available in the litera-
ture. In Figures 8, 9, and 10 we have presented the theo-
retical values along with the experimental data of Fitz-
Patrick (1972), Yao (1968), and Ghosh et al. (1975).

We have chosen to use the data of these investigators
for the following reasons:

1. All of these investigators have used well-defined sys-
tems, such as uniform grains and particles.

2. The Hamaker’s constant and other parameters neces-
sary for computing the various dimensionless groups [in-
cluding those that do not appear in Equation (27) such as
the double-layer interaction groups] are clearly defined.

3. All these investigations cover (experimentally) all
important mechanisms (that is, diffusion, interception,
sedimentation, and surface forces including unfavorable
double-layer repulsion).

It is clear from the above figures that the theoretical
predictions based on the present work are indeed very
close to the experimental observations. In fact, even the
relative significance of the transport mechanisms is esti-
mated well by the model. For example, Figure 8 shows the
results of FitzPatrick’s experimental data corresponding to
dy, = 21 pum. Because of the large size of the suspended
particles in this case, the role of Brownian motion is in-
significant, and it is confirmed by the theoretical results
[based on Equations (22) and (26)]. On the other hand,
for smaller particles one would expect a substantial
amount of diffusion. Figure 9, which presents FitzPatrick’s
experimental data for d, = 1.3 pm, supports this expecta-
tion. As shown in the figure, exclusion of diffusion from
the theoretical calculations [that is, use of Equation (26)]
results in poorer agreement, thereby indicating the neces-
sity of including the contribution due to diffusion. When
the theoretical values are adjusted for collection due to
diffusion, the agreement is clearly satisfactory.®

Additional evidence of the usefulness of this work can
be seen in Figure 10, which covers the entire range of
dy usually encountered in water filtration. The data pre-
sented are from the works of Yao (1968) and Ghosh et al.

# Collection due to diffusion depends on the Peclet number. Since the
experimental data presented in Figure 9 correspond to various values of
Npre, we have shown the theoretical results corresponding to the upper
and lower limits of the range covered by Nre.
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Fig. 8. Comparison with Fitzpatrick’s experimental data (interception
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Fig. 9. Comparison with Fitzpatrick’s experimental data (diffusion
dominant).
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Fig. 10. Comparison with the experimental data of Yao (1968) and
Ghosh et al. (1975). (All mechanisms are significant).
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(1975), and the major variable here is d,. The agreement
between the theoretical calculations and the experimental
data is indeed more than one could expect, since the differ-
ences in all these cases are within the fluctuations of the
experimental data under identical conditions. In fact, as
shown in Table 3, the theory is reasonable even in the
case of comparison with experiments where the parameters
have not been controlled as closely as in the case of the
above investigations.

CONCLUSION

The results above and the discussion that follows them
clearly establish the usefulness of the present work under
a variety of conditions. The model is accurate enough in
the sedimentation-interception range as well as in the dif-
fusion dominated region. To facilitate easier accessibility
to this model, a closed-form expression [Equation (27)1,
which is sufficiently accurate, is also presented in this
paper. Furthermore, the predictions of the present work
parallel those of the constricted tube model proposed by
Payatakes et al. (1973a and b), so that the present work
can be used in place of the latter for calculating retention
rates in deep-bed filters while retaining the constricted
tube model for pressure drop estimations.
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NOTATION

a, = particle radius

a; = collector radius (see Figure 1)
A = coefficient in Equation (5)

At = dimensionless A defined by A a,2/U

2(1 — p®)/w; defined in Equation (18)

radius of the Happel cell (see Figure 1)

coefficient in Equation (5)

dimensionless B defined by B a,/U

concentration of the particles is the suspension,

number/unit volume

particle diameter

collector diameter

coefficient in Equation (5)

D+* = dimensionless D defined by D a,2/U

Dgpy = Brownian diffusion coefficient; see Equation (20)

e,, €g, €, = unit vectors in r, ¢, and ¢ directions

o, fob, £, f™16, f™20 and fg" = drag correction factors in
Table 1; functions of 8

f = force vector acting on the particle; superscript
specifies the source of the force; for example,
fPL is the force due to double-layer interaction
(see Table 1)

= magnitude of the vector, g

go, Zo%, ™o and gMag = torque correction factors in Table

1; functions of &

8

[~

S QU*J_U:&W"}

<

(SRS

g = acceleration due to gravity
H = Hamaker constant (~ 1 X 10713 erg)
k = Boltzmann constant (1.38048 X 10718 erg/°K)

K, Ks, K3, K4 and Ky = coeflicients that appear in Equa-
tions (1) and (2)

Nags = adhesion group in FitzPatrick (1972); Nag4s =
N Lo/ (AsN R2)

Npi = double-layer group; Dpr, = xap

Ngi = electrokinetic group #1; Ngy = w ({2 + 4,2)/
127U

Nga = electrokinetic group #2; Ngy = 2Lclp/ ({2 + §2)

N¢ = gravity group; N¢ = 2a,2 (pp — ps)g/uU

Ner,s = gravity group in FitzPatrick (1972); Ngrs = Ng/
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( AsN R2 )
N1, = London group; N, = H/9mpa,2U

Np. = Peclet number; Np, = Uds/Day

Nr = relative size group; Ng = a,/a;

Ngrta = retardation group; Nria = 2may/A,

P = a,/b, defined in Equation (1)

r = radial coordinate (see Figure 1)

rt =r/a,

r® = dimensionless radial coordinate, r* = r/a,

7o* = r* corresponding to the start of integration of the
trajectory equation

rs* = termination point of the trajectory; r;* = b/a,

r = position vector; r = (r, §)

r* = dimensionless position vector; r* = (r/a,, )

ot = (ro/ay, 0,)

.t = (r/ay, 6;)

s1 = (fo'8" — fo'8s") /80"

8o — (fargmw + y+fmwg¢r)/g¢r

3 — (forgmzd) + y+fm20g¢r)/g¢r

t = time variable

T = absolute temperature of suspension

t = torque vector acting on the particle; superscript
specifies the source of the torque

u = particle velocity vector; subscript denotes the par-
ticular component

U = approach velocity of the liquid

v = liquid velocity field

w = function of (as/b) defined in Equation (1)

y = (r — as), see Figure 1

Greek Letters

a = retardation correction; a function of §, ap, and A,
(see Table 1)

b) = surface-to-surface separation between the collector
and the particle (see Figure 1)

8t  =19/a,

€ = initial porosity of the filter bed

L = zeta potential of the collector

{p, = zeta potential of the particle

7 = initial collection efficiency

ng, 71 = collection efficiencies due to sedimentation and
interception, respectively

é = angular coordinate (see Figure 1)

8, = 0 corresponding to the start of the integration

;s = 0 corresponding to the termination of the inte-
gration (see Figure 1)

K = Debye-Hiickel reciprocal length

A = filter coefficient

Ae = wavelength of electron oscillation; A, = 1 000 A

P = viscosity of suspension

m = 3.14159. . . rad

ps = density of the liquid

pp = density of the particle

v = dielectric constant of the medium (~ 81)

¥ = stream function

® = magnitude of the angular velocity of the particle

® = angular velocity of the particle
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Interfacial Phenomena in Falling Film
Evaporation of Natural Seawater

VICTOR C. VAN DER MAST

The fluid dynamics and heat transfer of boiling seawater in falling film and

evaporators have been investigated. Large interfacial disturbances have
been observed, caused by surfactants in seawater. Although these distur-
bances enhance heat transfer, they increase entrainment and the tendency

for scale formation in fluted tubes.

LEROY A. BROMLEY

Department of Chemical Engineering
and the Bodega Marine Laboratory
University of California

Berkeley, California 94720

SCOPE

Distillation of seawater in multiple effect falling film
type of evaporators is an established technique to produce
fresh water from seawater. In such evaporators, steam
generated in one effect condenses on the outside of verti-
cal tubes in the next effect, causing seawater inside the
tubes to boil. The seawater runs down the inside tube
wall in an annular type of flow. Because of the small tem-
perature difference between the condensing steam and the
boiling seawater, the boiling mechanism is generally one of
evaporation at the liquid-vapor interface.

Substantial differences in heat transfer for natural sea-
water, sodium chloride solutions, and city water have been
observed by other workers, but no conclusive explanations
have as yet been given, These differences have sometimes

Correspondence concerning this paper should be addressed to LeRoy
A. Bromley.
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been associated with the tendency of natural seawater to
foam.

By using techniques developed specifically for this
work, it was possible to measure inside heat transfer co-
efficients for localized areas, the waviness of the falling
film, and the liquid entrained in the vapor phase. An ap-
proximate description of the morphology of the two-phase
mixture inside the tube could thereby be obtained. This
information provides insight into the heat transfer and
fluid dynamic characteristics of falling film evaporation of
natural seawater.

A new technology is emerging which uses fluted evap-
orator tubes instead of the usual smooth tubes. With re-
spect to the inside of the tubes, the heat transfer and
fluid dynamic characteristics have been previously in-
vestigated by others using mainly city water or sodium
chloride solutions. This information may not be applicable
for natural seawater, as shown in this paper.
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